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Abstract
Topology optimization is a free-form approach to structural design in which a for-
mal optimization problem is posed and solved using mathematical programming. It
has been widely implemented for design at a range of length scales, including periodic
cellular materials. Cellular materials in this context refer to porous materials with a
representative unit cell that is repeated in all directions. For cellular material design
an upscaling law is required to connect the unit cell topology to the bulk material
properties. This has limited most work on topology optimization of cellular materials
to linear properties, such as elastic moduli or thermal conduction, where numerical
homogenization can be used. Although topology-optimized materials are often shown
to outperform conventional cellular material designs, the optimized designs are often
complex and can therefore be difficult to fabricate. This is true despite the rapid
development of manufacturing technologies that have provided radically new capabil-
ities. Although such technologies have reduced the manufacturing constraints, there
are still limitations. This thesis looks to advance topology optimization of cellular
materials on two fronts: (i) by more formally integrating manufacturing constraints
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and capabilities into topology optimization methodology, and (ii) by moving beyond
linear properties to consider the nonlinear response of cellular materials.
In this work we propose to implicitly integrate manufacturing considerations into
the topology optimization formulation by using projection based approaches. We
seek to improve the manufacturability of topology-optimized structures by providing
the designer minimum length scale control of both the design’s solid and void phases.
The new two-phase projection algorithm is demonstrated on benchmark examples and
uses nonlinear weighting functions to let the design variable magnitude determine if
solid or void should be actively projected. In addition, we utilize a multi-phase
cellular design approach that can leverage the new capability of deposition of multiple
solids that is offered by current 3D printing technologies. These multi-phase designs
generally outperform two-phase topologies and potentially offer new functionalities.
Our algorithm is based on an existing multimaterial formulation and used to design
cellular topologies for various elastic properties, including negative Poisson’s ratio,
and for multiobjectives including mechanical and thermal properties.
Expanding topology optimization to cellular design governed by nonlinear me-
chanics enables designing effective materials with a range of new improved properties
such as energy absorption. However, considering material– and/or geometric non-
linearities in cellular design faces the challenge of the lack of a recognized upscaling
technique. Previous works have turned to finite periodicity. This thesis will explore
the necessary steps in developing a topology optimization algorithm for cellular de-
iii
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sign governed by nonlinear mechanics. Further, the forward homogenization problem
of how the unit cell topology effects the effective material’s energy absorption will
be numerically investigated for a range of conventional and topology-optimized unit
cells.
Primary Reader: James K. Guest
Secondary Readers: Stavros Gaitanaros and Alberto Donoso
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In recent years manufacturing technologies, including 3D printing, have devel-
oped rapidly and made it possible to fabricate increasingly complex designs. This
has created a demand for new design methods that can leverage the new manufac-
turing possibilities. Topology optimization offers a means to create designs that take
full advantage of the potentials provided by the new fabrication techniques. It is
a free-form design approach that aims at finding optimal distributions of material
within a domain. Both the material layout and connectivity are optimized without
a predetermined notion of the design. It has therefore been known to lead to new
and unanticipated designs that typically outperform conventional low weight designs.1
Topology optimization has been implemented for design at length scales ranging from
tall buildings,2 over devices and components, such as the structural beams of airplane
wings,3 and periodic cellular materials with numerous improved properties. Examples
1
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of topology-optimized cellular materials are listed in the review papers by Cadman
et al.4 and Osanov and Guest5 and include auxetics,6,7 materials with improved
thermoelastic–8,9 or piezoelectric–10,11 properties, improved fluid permeability,12–14
and improved stiffness–thermal conductivity.15 In this work we aim at developing
topology optimization algorithms to improve the manufacturability of the designs as
well as algorithms for designing cellular topologies with multiple base materials or
nonlinear mechanical properties.
Typical topology optimization approaches requires the designer to define a design
domain Ω with applied loads and boundary conditions. The domain is discretized
most often using finite elements. A formal optimization problem is posed and solved
using a mathematical program. The problem typically has an objective f that, for
example, is to minimize (or maximize if negative) the compliance, strain energy or
displacements of the design. This will be subject to a structural equilibrium constraint
and a limitation on the material use in the design domain. A commonly used problem




subject to K(ϕ)d = F∑
e∈Ω ρ
eve ≤ Vmax
ϕmin ≤ ϕi ≤ ϕmax ∀ i ∈ Ω
(1.1)
Here ϕ are the design variable, F are the nodal forces, d are the nodal displacements
2
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and K is the global stiffness matrix. The allowable volume of material within the
design domain is denoted Vmax and v
e is the volume of element e. For minimum
compliance problems L = F, whereas for a minimum displacement objective L is a
vector with value one at the displacement(s) of concern and zeros at all other locations.
Alternatively, the topology optimization problem in Eq. (1.1) can be formulated with
minimizing the material use at the objective, subject to a stiffness or displacement
constraint.
A mathematical programming method is used to solve Eq. (1.1), however, solving
it as a binary 0-1 (existence or non-existence of material in an element in the design
domain) optimization problem is an immense task. It is well established that the size
and complexity of the design space makes stochastic search methods impractical.16
Typical topology optimization approaches therefore relax the 0-1 constraint and make
it possible to use gradient based optimizers. It should be noted that this requires
sensitivity evaluations of the objective and constraints in Eq. (1.1). As described in
the review by Sigmund and Maute,17 the binary relaxation approaches include level-
set– and density based methods. In this work we use the density based approach where
intermediate element densities are allowed to exist. An element density magnitude
between zero and one is interpreted as a mixture of solid and void material.18 The
intermediate densities are penalized using interpolation schemes19–21 that guides the
design to a 0-1 solution.
The free-form nature of topology optimization is well known to lead to complex
3
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design solutions that can be difficult to construct or fabricate. One means to improve
the manufacturability is to control the minimum length scales of the design. The
phase (solid or void) where it is relevant to control the minimum length scale is
dictated by the manufacturing process. If the design, for example, is going to be
fabricated by a material removal process such as CNC machining the curvature of the
holes will be prescribed by the size of the drill. Similarly if a 3D printing technology
is used, the printer resolution determines the minimum size of the solid features of
the design. Several approaches exist for controlling the minimum length scale of a
single phase of the design.22,23 However, undesirable features can still occur in the
uncontrolled phase. To improve the manufacturability of topology-optimized design
we have developed an algorithm that allows for minimum length scale control of
both phases. Chapter 2 present the proposed two-phase projection method that uses
nonlinear weighting function to let the design variable magnitude determine if solid
or void is actively projected. Ongoing work is to extend the algorithm to maximum
length scale control.
As mentioned, topology optimization has been widely applied to design periodic
cellular materials with improved elastic properties. Here a periodic cellular mate-
rial refers to a material with a representative unit cell that is repeated throughout.
Generally the following topics are interesting to investigate for cellular materials: (i)
the forward problem of how the topology influences the effective material properties,
and (ii) the inverse problem of what unit cell topology that optimizes these effec-
4
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tive properties. For both topics an upscaling law is required to connect the unit cell
mechanics to the effective material behavior. Numerical homogenization is typically
used for linear elastic properties. Novel 3D printing technologies can deposit multiple
materials in complex cellular topologies. Therefore we propose an algorithm to solve
a multi-phase inverse homogenization problem in Chapter 3. The suggested approach
allows cellular design with multiple base materials for optimized elastic properties and
uses an exiting multimaterial approach24 as the backbone of the algorithm.
Topology optimization of periodic cellular materials with nonlinear mechanics is a
far more challenging task, primarily due to the lack of rigorous upscaling techniques.
Therefore most efforts in including nonlinear effects has focused on structural, com-
ponent and device design and material– and geometric nonlinearities have typically
been considered separately.25–27 However, including nonlinearities in cellular design
offers immense opportunities in designing for improved nonlinear properties such as
energy absorption. Therefore Chapter 4 examines the necessary steps in developing
a topology optimization algorithm for the inverse problem (ii). The aim is a design
formulation that includes both geometric– and material nonlinearities. In lack of a
recognized homogenization technique for nonlinear properties we suggest using finite
periodicity for the upscaling. In addition, Chapter 4 investigates the forward problem
(i) as the energy absorption of numerous traditional and optimized cellular topologies






Topology optimization is a free-form design approach and therefore it may result
in designs that are difficult to fabricate or construct. Examples of features that im-
pede fabrication include ultra slender structural features or small scale pore spaces.
To improve manufacturability, the capabilities and/or limitations of the planned fab-
rication process must be integrated in the design process. In recent years, several
algorithms have therefore been developed to include the potentials and restrictions
of various manufacturing processes in topology optimization. Examples include the
constraints associated with milling and casting methods that have been implemented
6
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for both density based and level-set topology optimization.28,29 For concrete design a
strut-and-tie model has been implemented to design the layout of discrete reinforce-
ment bars30,31 and discrete objects for general applications has been placed through
the projection in the density based approach.32–34
The rapid development of additive manufacturing technologies, such as 3D print-
ing, has raised a need for design method that can leverage the new fabrication possibil-
ities. Therefore algorithms have been developed that can create topology-optimized
designs without sacrificial support material and hence designs that satisfies the over-
hang constraint.35–37 In addition, infill optimization38 has been performed and a con-
sideration of the the layer-by-layer nature of 3D printing has been implemented.5,39
Several 3D printing technologies allows for multiple materials to be printed adjacent
to each other in complex topologies and this capability has been leveraged by24,40
(see Chapter 3).
One way of improving the manufacturability of topology-optimized designs is to
specify a minimum length scale requirement on the design features. The minimum
length scale is generally defined as the minimum radius or diameter of the material
phase of concern. For designs realized by an additive manufacturing approach, such
as 3D printing or direct metal laser sintering (DMLS), one can consider the minimum
length scale of the structural members to be dictated by minimum resolution of the
used printer. Similarly for topologies fabricated by a material removal process, such
as eg. CNC machining, the curvature and size of the holes in the design are dictated
7
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by the drill size. However, currently most algorithms only considers a single phase
of the design to be active in the design process and therefore undesirable features
can occur in the uncontrolled, passive phase of the design. This is illustrated in Fig.
2.1 where an MBB beam has been designed with control of the (a) solid–, and (b)
void phase (a full description of the MBB beam design problem is given in section
2.5). The undesirable features includes small scale voids and sharp corners when the
solid phase is active such as those highlighted in Fig. 2.1a, and ultra-thin structural
members when only the void phase is active as can be seen in Fig. 2.1b. The key focus
of this chapter is therefore to improve the manufacturability of topology-optimized




Figure 2.1: Examples of undesirable features in the non-controlled phase of topology-
optimized MBB beams with minimum length scale control on (a) the solid phase and
(b) the void phase.
8
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It is well established that controlling the minimum length scale has the additional
advantage of circumventing numerical instabilities, such as checkerboard patterns and
mesh dependency.41,42 Sigmund9,43 proposed a sensitivity filter to reduce numerical
instabilities including checkerboard patterns.44 Later it was suggested to use density
filters.45,46 Both of these filtering approaches suffer from the undesirable boundary
effect where intermediate density (gray) elements exist along the boundary of the
structure.
The initial efforts to restrict the minimum length scale of topology-optimized
designs were based on formulating constraints on the gradient of the material distri-
bution function. In Petersson and Sigmund47 the change in element volume fraction
between adjacent elements is limited to insure a smooth transition from solid to void
material, but this again suffered from the gray boundary effect. Poulsen48 suggested
the MOLE (MOnotonicity based minimum LEngth scale) method, which restricts the
number of discrete phase changes within a circular ”looking glass” of radius rmin. The
method is able of achieving 0-1 designs, however at a high computational expense due
to the large number of local nonlinear constraints.
Controlling the minimum length scale through a nonlinear filter or projection was
first suggested by Guest et al.22 In the Heaviside Projection Method (HPM)22 the
minimum length scale control is achieved for one phase of the design through the
use of a regularized Heaviside function that ensures a 0-1 design. The formulation
suggested in22 requires user specification of a single parameter β. A thresholding
9
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Heaviside function was suggested by Xu et al.49 to ensure volume preservation when
using continuation methods for single phase designs, however it demands user speci-
fication of an additional parameter and the minimum length scale control is lost. Re-
cently, filters based on geometric and the harmonic means as opposed to a weighted
arithmetic mean have been suggested50 and fast algorithms for filters based on a
quasi-arithmetic mean over polytope-shaped neighborhoods on regular meshes have
been developed.51 These algorithms have the potential to be linked with projection
algorithms to provide fast minimum length control.
Sigmund23 suggested the morphology-based filtering approach to control the mini-
mum length scale. In this method an erode (min) operation is performed when a void
design variable is projecting within the minimum length scale rmin. Similarly, a dilate
(max) operation is conducted when a solid design variable is projecting. The method
uses successive filtering of design variables referred to as the open (max(min)) and
close (min(max)) operators and is capable of achieving volume preservation. However,
the successive filtering increases the complexity of the sensitivity analysis and as for
single phase HPM, the minimum length scale is only satisfied for a single phase of the
design. Wang et al.52 proposed a robust morphology filter that allows for minimum
length scale control of both the solid and void phases of a design and ensure mesh
convergence. However, the proposed filter adds to the computational cost by having
to solve three separate finite element problems per iteration and large iteration num-
bers. Zhou et al.53 suggested to achieve two-phase minimum length scale control by a
10
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combination of a thresholding Heaviside filter and cheap geometric constraints. The
method has proved to be very sensitive to the user provided initial guess and requires
significant parameter tuning. Lazarov and Wang54 have extended the morphology-
based filtering approach from53 to restrict minimum and maximum length scales on
both phases of the design. For more on maximum length scale restriction the reader
is referred to.55–59
In Guest60 it was proposed to control the minimum length scale of multiple phases
by having multiple sets of design variables - one for each phase. All the design
variables are projected independently onto the finite elements and combined to obtain
the finial topology, using a standard intermediate density penalization scheme. While
this seemed to perform well, the primary disadvantage of the approach was that
the number of design variables increased by a factor of two. Although this could
be mitigated using sparse design variable fields (e.g.61), this property was generally
undesirable.
In this work, we propose to control the minimum length scale of two phases
of a design by letting the magnitude of a single design variable determine which
phase it projects actively onto the finite elements. This is done by letting the design
variable pass through nonlinear weighting functions. This idea was recently proposed
in Guest62 where negative design variables indicated void projection and positive
solid projection. The weighting functions, however, required user definition of three
parameters that, for some problems, demanded significant tuning. Our goal here is
11
CHAPTER 2. IMPROVED MANUFACTURABILITY BY LENGTH SCALE
CONTROL
to develop a more stable algorithm and extend the formulation to give the design
control of the maximum feature sizes.
2.2 The Heaviside Projection Method
In this work we use the Heaviside Projection Method (HPM)22 to control the
minimum length scale of topology-optimized designs because the operator of this
method is capable of yielding 0-1 designs without additional explicit constraints on















Figure 2.2: Schematic of (a) the two spaces of the topology optimization problem
with the spheres symbolizing the design variable space and the blocks signifying the
physical representation. Figure (b) shows the radial projection of the design variable
ϕi onto the finite elements with rmin,p, and (c) gives the element perspective of the
radial projection with an element e receiving design variable information from within
the projection domain N ep .
In HPM the design variables ϕi are associated with a material phase and projected
onto the finite elements by a Heaviside function. Figure 2.2 illustrates this separation
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of the problem into a design variable space where the optimization is performed, and
a finite element space where the physical equilibrium is solved. In Fig. 2.2a the design
variables are illustrated by spheres and the finite elements by blocks. The location
of the design variables can be arbitrarily chosen and herein it will coincide with the
location of the finite element nodes. The connection between the two spaces is the
projection which typically is done radially. In this work the actively projected phase
will be denoted p = s and p = v for solid and void, respectively. The projection
of the design variable ϕi in Fig. 2.2b will affect the volume fraction of all elements
with centroids within the projection radius rmin,p. Therefore, the projection radius
can easily be chosen as the prescribed minimum length scale. Fig. 2.2c shows HPM
from the element perspective and illustrates how an element receives design variable
information from all design variables ϕi within the projection domain N
e
p . For radial
projection this domain contains all design variables within a distance rmin,p of the
element centroid x̄e:
i ∈ N ep if ||xi − x̄e|| ≤ rmin,p (2.1)
where xi is the location of design variable i.
The mapping onto the finite elements is done separately for each phase of each
element by computing the weighted average of the design variables in the set N ep . For
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where w(xi − x̄e) is a linear weighting function that scales the information received
by each design variable according to the design variable location. Typically either a
uniform or a linear weighting is used.
To obtain binary solutions, nonlinear projection is used where the average design
variables µep are passed through a Heaviside function to obtain the element volume
fraction ρep. The element volume fraction is defined such that ρ
e
p = 1 means that an
element is actively receiving projection from phase p:






Here β ≥ 0 dictates the curvature of the regularization which approaches the Heav-
iside function as β approaches infinity. Further, µmax is the maximum value that µp
can take.
The combined element volume fractions ρe are for each element assembled by
averaging the element volume fractions from the projected phases.
ρe =
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Figure 2.3: The nonlinear weighting functions ws(ϕ) and wv(ϕ) in the interval ϕmin
to ϕmax for αs = 0.15 and αv = 0.05.
This work proposes to determine the actively projected phase by using nonlinear
weighting functions. Instead of letting weighted average of the design variables µep be








where wp(ϕ) is the nonlinear functions that the design variables are passed through.
For the solid phase, the function values ranges from close to zero for the minimum
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value of the design variable ϕmin, to 1 at the maximum value ϕmax. Similarly, the
function value of void weighting function ranges from 1 at ϕmin to close to zero at
ϕmax. At the mid of the range of the design variables ϕmid, the weighting function
equals the constant αp, that is chosen for each phase such that αp ∈ (0, 1]. Herein,
the nonlinear weighting functions are taken as the hyperbolic tangent since it only
requires user specification of a the parameters αp. The nonlinear weighting functions
are illustrated in Fig. 2.3 and defined by
ws(ϕ) =
1 + αs




1 + αv · e2nv(ϕ−ϕmin)
(2.7)





The herein chosen definition of weighing functions wp(ϕi) results in µmax = 1
which is used throughout.
2.4 Solution Algorithm
The topology optimization problem in Eq. (1.1) is solved with the proposed
algorithm on a range of benchmark examples. This section provides the algorithmic
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details used in the designs.
2.4.1 Penalization of Intermediate Densities
The Solid Isotropic Material with Penalization (SIMP) method19 is used to guide
the design to a 0-1 solution. Therefore the following expression relates the element






Here η ≥ 1 is the exponent penalty term, Ke0 is the stiffness matrix of a pure solid
element and ρemin is a small positive number required to maintain positive definiteness
of the global stiffness matrix. In this chapter, ρemin = 10
−4 is used for elastic design
problems and ρemin = 10
−2 for thermal conduction problems.
The proposed two-phase projection formulation has also been tested using the
Rational Material Penalization (RAMP) method21 and for all examples similar ob-
servations were made for both penalization schemes.
2.4.2 Sensitivities
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The partial derivative of the objective function f with respect to the element volume
fraction ρe is problem dependent and calculated using the adjoint method. The partial
derivative of the element volume fraction with respect to the design variables follows
























where the partial derivates of µes and µ
e
v are found by differentiating Eq.(2.5) for p = s
and p = v, respectively. In these, the sensitivities of the nonlinear weighting functions





(1 + αs · e2ns(ϕmax−ϕi))2





(1 + αv · e2nv(ϕi−ϕmin))2
· (−2)αvnve2ns(ϕi−ϕmin) (2.13)
2.4.3 Optimizer
All problems are solved using the Method of Moving Asymptotes (MMA) as the
optimization algorithm (,6364). A continuation method is applied to the SIMP ex-
ponent penalty to transform the problem from a relaxed, unpenalized state to the
penalized, near discrete formulation. This is common practice in topology optimiza-
tion as it is known to help avoid convergence to undesirable local minima. Herein, an
increment of ∆η = 1.0 is used. For the cantilever and the MBB beam problems no
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continuation is applied to the Heaviside parameter65 and a constant value of β = 50
is taken. The heat conduction and compliant mechanism design problems are solved
using an incrementation on the Heaviside parameter of ∆β = 1.1k where k is the
iteration number. Further, it is used that βmax = 50. The reader is referred to
22
for detailed algorithmic steps. All problems are solved using four node quadrilateral
elements, a uniform initial distribution of material, and ϕmin = −1 and ϕmax = 1.
The parameters used in the nonlinear weighting functions must be chosen small
enough to allow the design variables at ϕmid to be inactive in both phases. In this
work we have used αs = 0.002 and αv = 0.0005 for all examples. We have also tried
other parameter combinations and found nearly identical results to those produced
herein. It should be noted that the algorithm is more stable when αs and αv have
slightly different magnitudes as this produces different sensitivities for the two phase.
Elasticity problems assume plane stress conditions as the depths of the design do-
mains are much smaller than the lengths and widths. Young’s modulus and Poisson’s
ratio are taken as E = 1.0 and ν = 0.3, respectively. For the heat conduction problem
the conductivity of the solid is set to κ = 1.0.
2.5 Numerical Examples
The proposed algorithm is tested on the benchmark examples of minimum com-
pliance for the cantilever and MBB beams, the complaint inverter design problem
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and the thermal heat conduction problem. The design domains for the four example
problems are illustrated i Fig. 2.4.
The cantilever problem (Fig. 2.4a) has L = 40, H = 25 and P = 1, whereas the
MBB problem (Fig. 2.4b) has L = 60, H = 20 and P = 1. For both problems, a
volume constraint of Vmax = 50% is used and, for the MBB beam problem, only the
right half of the domain is designed.
The heat conduction problem (Fig 2.4c) is solved similarly to the minimum com-
pliance problem where d represent the nodal temperatures instead of the nodal dis-
























Figure 2.4: Design domains for (a) the cantilever beam–, (b) the MBB beam–, (c)
the heat conduction–, and (d) the compliant mechanism design problem.
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the middle 20% of the top boundary (|Γg| = 0.2L). The heat flux on the remaining
boundaries is zero. We have used L = 1 unit and only the right half of the domain is
designed.
The compliant inverter mechanism problem (Fig. 2.4d) is only designed for the
bottom half of the domain. It is used that L = 120, P = 1, Vmax = 25% and the
spring stiffnesses are taken as kin = 1 and kout = 10
−3.
2.5.1 MBB and Cantilever Beams
The solution to the MBB beam problem is shown in Fig. 2.5 for a minimum
length scale of rmin,p = 1 for (a) solid phase projection only, (b) void phase projection
only, and (c) both solid and void projection using the herein proposed approach.
The results are obtained on a 240×80 mesh, using a uniform weighting function
and no continuation on the Heaviside parameter. It is clearly seen how the single
phase projections does not provide control of the minimum length scale in the passive
phase. In Fig. 2.5a this is evident by the sharp corners and in Fig. 2.5b by the
slender members. In Fig. 2.5c the solution obtained using the improved two-phase
projection is given and it is seen that the specified length scales are satisfied for both
phases. However, it is seen to come at the cost of an increase in the intermediate
density region. Further, we have found that to obtain crisp boundaries of the design
it is necessary to drive the SIMP exponent higher than what is typically done, for
this example to ηmax = 10.
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Fig. 2.6a and b shows the obtained topologies for the cantilever beam problem.
The designs are obtained with uniform weighting, ηmax = 7 and improved two-phase
projection on two meshes. It is easily seen that mesh insensitivity is fulfilled for this
problem. In Fig. 2.6d the design variable distribution for the fine mesh topology
(Fig. 2.6b) is given. It is seen that the design variables do not provide a strict ϕmax
and ϕmin distribution, but that this is irrelevant since the projection onto the finite







Figure 2.5: MBB beam designs with rmin,p = 1 for (a) solid projection, (b) void
projection, and (c) improved two-phase projection.
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C = 41.61 C = 41.64
(a) ρe (b) ρe
rmin,s rmin,v
f = 1 f = - 1
(c) (d) ϕi
Figure 2.6: Element volume fraction distributions (ρe) obtained for the cantilever
problem with rmin,s = rmin,v = 0.5 on a (a) 80×50 mesh, and a (b) 240×150 mesh.
Figure (c) illustrates how a rmin,s + rmin,v layer of non-projecting design variables is
needed for a crips boundary, and (d) gives the design variable distribution (ϕi) for
the topology in (b).
layer of design variables of magnitude ϕmid is located around the edges of the design.
This layer of size rmin,s + rmin,v is necessary for a crisp boundary. The illustration in
Fig. 2.6c shows two actively projecting design variables (the red and the blue node
in the mesh) that create a crisp boundary because the design variables between them
not are actively projecting. The non-projecting design variables are in this figure
indicated by a green color.
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Figure 2.7: Results of the heat conduction problem with rmin,p = 0.015 for (a) solid
projection, (b) void projection, and (c) the new two-phase projection.
2.5.2 Heat Sink
In Fig. 2.7 the results of the heat conduction problem are given for projection of
(a) the conductive (solid) phase only, (b) the non-conductive (void) phase only, and
(c) both phases. The results are obtained on a 200×400 mesh, with a minimum length
scale of rmin,p = 0.015 and a volume constraint of Vmax = 20%. A linear proximity
based weighing function has been used and the SIMP exponent has for these designs
been driven to ηmax = 7. As expected, it is seen that the results resemble root
structures where the conductive phase is collecting the heat load though thin arms.
The results for this example also clearly illustrates how sharp corners appear when
the conductive (solid) phase is actively projected and very thin arms when active
projection only is performed on the non-conductive (void) phase. It is seen in Fig.
2.7c that the two-phase projection fulfill both length scale requirements.
The proposed algorithm does not require the prescribed minimum length scale of
24












Figure 2.8: Topologies obtained for the heat conduction problem with rmin,v = 0.02
and (a) rmin,s = NA, (b) rmin,s = 0.005, (c) rmin,s = 0.01, (d) rmin,s = 0.015, and (e)
rmin,s = 0.02.
the two phases to be equal. Fig 2.8 gives the results of the heat conduction problem for
a range of different prescribed length scales on the conductive (solid) phase. To obtain
the designs a linear proximity based weighting function has been used and a minimum
length scale of rmin,v = 0.020 has been specified for the non-conductive (void) phase.
The volume constraint was set at Vmax = 30% and the SIMP exponent driven to
ηmax = 7. By comparison of the results in the figure it is clearly seen that the length
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scale of the conductive (solid) phase varies while the radius of the corners maintain
the same radius rmin,v = 0.020. The figure also reveals that this design problem tends
to form triangularly shaped features of intermediate densities in the corners of the
topology (see Fig. 2.8b-d) when the minimum length scale of the conductive (solid)
phase is smaller than the minimum length scale of the non-conductive (void) phase.
2.5.3 Compliant Inverter Mechanism
The results of the compliant inverter mechanism design is given in Fig. 2.9. For
these results an initial guess of ϕinit = −0.3 snd a linear proximity based weighting
function were used. The design was conducted on a 240×120 mesh and ηmax = 5 was
found to be sufficient. For the two-phase projection with rmin,s = rmin,v = 4.0 (Fig
2.9a), it is seen that length scale requirements are fulfilled, however that large areas
of intermediate densities occurs around the hinges of the design. It should be noted
that the inverter mechanism benchmark examples are well known to create artificially
stiff one node hinges unless a robust topology optimization formulation is used.23,24
When decreasing the void radius to rmin,v = 2.0 (Fig 2.9b) smaller intermediate
density regions are found in the hinge areas.
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Figure 2.9: Compliant inverter mechanism designs obtained with rmin,s = 4.0 and (a)
rmin,v = 4.0, and (b) rmin,v = 2.0.
2.6 Maximum Length Scale on the Solid
Phase
An ongoing work is the extension of the two-phase projection algorithm to maxi-
mum feature size control. The extension is done by creating an additional projection
domain for the maximum length scale of the considered phase. From Eq. (2.4) it is
evident that a solid element will only be created if the solid phase is actively project-
ing and the void phase is passively projecting (ρes = 1 and ρ
e
v = 0). For a maximum
length scale rmax,s to be enforced on the solid phase, the element must additionally
be within a radius of rmax,s + rmin,v from a design that is variable actively projecting
void. This can be expressed by the neighborhood
i ∈ N ermax,s if ||xi − x̄
e|| ≤ rmax,s + rmin,v (2.14)
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By this neighborhood and additional void projection ρexv can be performed. This
projection must be active (ρexv = 1) to create a solid element, since it implies that a
void is present within a radius of rmax,s + rmin,v. If a void is not detected within this
distance (ρexv = 0), then the element volume fraction should encourage the optimizer




xv the resulting element
volume fraction should be similar to Eq. (2.4). To accommodate the inclusion of the
maximum length scale on the solid phase, the following expression is proposed for the
element volume fraction:
ρe =
















































xv are given along with the element
volume fractions computed by Eq. (2.4) and Eq. (2.15). It is seen that the only
difference is found in combination b, where Eq. (2.15) ensures that a solid element
cannot be created if no void is detected within N ermax,s .
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xv and the resulting ρ
e from Eq. (2.4) and





xv Eq. (2.4) Eq. (2.15)
a 1 0 1 1 1
b 1 0 0 1 1− 1/crmax,s
c 1 1 1 0.5 0.5
d 1 1 0 0.5 0.5
e 0 0 1 0.5 0.5
f 0 0 0 0.5 0.5
g 0 1 1 0 0
h 0 1 0 0 0
2.6.1 Cantilever Beam
In Fig. 2.10 the solution to the cantilever beam problem with two-phase minimum
length and maximum length scale control on the solid phase. The results are obtained
on a 80× 50 mesh with rmin,s = rmin,v = 0.5 and maximum length scale requirements
of (a) rmax,s = 2.0, (b) rmax,s = 3.0 and (c) rmax,s = 6.0. These are compared with (d)
the two-phase solution. A uniform weighting function is used, a constant Heaviside
parameter is taken for the maximum length scale projection as βx = 15 and the
SIMP exponent is driven to ηmax = 15. Further, due to the increased nonlinearity
of the objective function, it was necessary to tigthen the MMA optimizer such that
s0 = 1/(2β + 1) and raa0 = 0.0001. From the figure it is clearly seen that the
applied maximum length scale and both minimum length scales are fulfilled for the
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dmin,s dmin,v dmax,s = 
(a)
dmin,s dmin,v dmax,s = 
(b)
dmin,s dmin,v dmax,s = 
(c)
dmin,s dmin,v dmax,s = N/A
(d)
Figure 2.10: Distribution of the volume fraction ρe found for the cantilever beam
problem with rmin,s = rmin,v = 0.5, as = 0.0005, av = 0.002 and axv = 0.001, βx = 15,
crmax = 1.90 and ηmax = 15 on a 80×50 mesh with (a) rmax,s = 2.0, (b) rmax,s = 3.0,
(c) rmax,s = 6.0 and (d) rmax,s = NA.
optimized designs. However, it is evident that that the intermediate density region
is larger for more restricted designs when rmax is close to rmin,p. In Tab. 2.2 the
obtained objective functions for the designs in Fig. 2.10 are listed. It is seen that the
compliance decreases as the maximum length scale is increased and approaches the
two-phase results when the applied maximum length scale is larger than the greatest
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Table 2.2: Compliances obtained with η = 1 and η = 15 for the cantilever beam
designs with maximum length scale control in Fig. 2.10.
dmax,s Fig. 2.10 C(η = 1) C(η = 15)
4.0 a 41.8 48.0
6.0 b 38.3 42.0
12.0 c 37.6 39.9
N/A d 37.7 39.8
feature size in the two-phase solution.
It should be noted that this is ongoing work as significant parameter tuning has
been necessary to obtain the designs in Fig. 2.10. Therefore it is currently difficult
to obtain quality solutions to problems with more nonlinear design spaces than the
cantilever beam. Du to the multiplication term in Eq. (2.15), the sensitivities in Eq.
(2.16) are typically very small for large design variable ranges. This makes it difficult
for the optimizer to move. The RAMP21 interpolation scheme generally has better
performance than SIMP for low sensitivities, however, using RAMP has not had a
significant effect on the needed amount of tuning.
2.7 Summary
A technique is proposed for restricting the minimum length scale of multiple phases
in topology optimization. This allows the designer to prescribe a minimum allowable
length scale for both the solid (structural or conductive) phase and the void (or non-
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conductive) phase, and these length scales need not be equivalent. This is achieved
by actively projecting both solid and void phases from each design variable. This is
in contrast to the previous work by Guest60 which used independent design variables
associated with each specific phase, thereby doubling the number of design variables.
The effect is achieved here using nonlinear weighting functions. These weighting func-
tions are structured such that the design variable magnitude indicates whether solid
phase or the void phase is actively projected. This maintains constant dimensionally
of the design variable space, while allowing active projection and therefore length
scale control of both phases. The disadvantage of the proposed approach is that the
weighting functions are now design variable dependent and nonlinear. This could
potentially make it more challenging for the optimizer to identify quality solutions,
although our preliminary results indicate this is not necessarily the case. Ongoing
work is the extension to maximum feature size control.
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Elastic Cellular Materials with
Multiple Base Solids
3.1 Introduction
The recent development of manufacturing technologies (including additive manu-
facturing) has increased the interest in high performance engineered materials such
as periodic cellular materials because fabrication is now possible for increasingly com-
plex topologies. Here, cellular materials refers to periodic materials with a unit cell
that is repeated throughout. Well known examples of period cellular materials in-
clude honeycomb topologies and materials that can be characterized as microtruss or
microlattices. Although generally well performing, it should be noted that these well
know examples of cellular topologies have not been designed by a rigorous optimiza-
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tion method. In fact, recent work using ultrahigh resolution topology optimization
has shown that lattice structures are not optimal for stiffness objectives at any length
scale including the material architecture level.66 This result motivates further the use
of topology optimization as a rigorous design approach for cellular materials that can
leverage the new manufacturing capabilities.
Cellular material design using topology optimization, or so-called inverse homoge-
nization, is schematically illustrated in Fig. 3.1. Contrarily to homogenization prob-
lems where the effective material properties are estimated by analyzing a given unit
cell, the inverse homogenization problem seeks to design a unit cell for some given
effective properties. Figure 3.1a shows how the characteristic unit cell is defined as
the design domain Ω. The unit cell topology that is achieved by solving the inverse
problem is exemplified in Fig. 3.1b and Fig. 3.1c illustrates how an upscaling tech-




Figure 3.1: Schematic of topology optimization for cellular materials; (a) the unit
cell design domain, (b) the optimized unit cell topology, and (c) the unit cell in the
effective bulk material.
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Already in the pioneering work by Sigmund43 it was shown that topology op-
timization can be used to design periodic cellular materials with optimized linear
properties via inverse homogenization. Sigmund tailored the elasticity tensor using
2D truss, frame and continuum elements to achieve a range of properties including
negative Poisson’s ratio.6,7, 43 Andreassen et al.67 considered manufacturing con-
straints and used an ultrahigh resolution for the design of 3D cellular materials,
including an isotropic material designed for a Poisson’s ratio of ν = −0.50. With-
out post-processing a sample was fabricated with an SLS 3D printer and experi-
mentally found to have a Poisson’s ratio of ν = −0.50 ± 0.03. Other examples of
topology-optimized cellular materials that have been fabricated and tested include
the additively manufactured bone implant scaffolds by Challis et al.68 and the three
dimensional woven porous lattices that have been designed under weaving constraints
for stiffness–permeability.69–71 Upon numerical and experimental investigation of the
woven lattices they have been found to lie between free-form topologies and stochastic
foams, both in terms of performance and manufacturing cost.
In addition to the above mentioned examples, numerous researchers have de-
veloped topology optimization algorithms that tailor cellular materials to a broad
range of linear properties including thermoelastic,8,9 piezoelectric,10,11 fluid perme-
ability,12–14,72 and stiffness–thermal conductivity.15,73 A thorough assessment of all
published work on the topic is beyond the scope of this chapter and the reader is
referred to the review papers by Cadman et al.4 and Osanov and Guest.5 It is note-
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worthy that most algorithms only consider design with a single base material. Several
3D printing technologies can now deposit multiple materials adjacent to each other in
complex topologies and this chapter therefore seeks to extend topology optimization
to cellular material design with multiple base materials.
Bendsøe and Sigmund40 proposed a SIMP-based interpolation model for topol-
ogy optimization with multiple base materials and demonstrated it on a minimum
compliance example. The methodology uses multiple sets of design variables (one
per solid material phase) and requires multiplication to combine them. Gaynor et
al.24 proposed a combinatorial SIMP approach that also uses multiple sets of design
variables but relies on summation for the combination. Gaynor et al.24 used both
multimaterial formulations (24,40 ) to design robust compliant inverter mechanisms.74
The designs were fabricated by a PolyJet 3D printing process with a 2:1 material stiff-
ness ratio and mechanical testing showed improvements of 45%− 85% over the single
phase design. It should be noted that the large variation in the obtained performance
could be influenced by quality of the identified local minima in the highly nonlinear
design space for the complaint inverter problem. Yin and Ananthasuresh75 proposed
a multimaterial topology optimization algorithm that uses a single design variable
space to design compliant inverter mechanisms. The suggested methodology uses a
normal distribution function to convert the continuous design problem into one with
more discrete material choices. As the algorithm progresses, the normal function is
contracted so that additional peaks begin to appear at the locations of the candidate
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material options. The goal is to guide each design variable to one of these peaks and
thereby obtain a discrete material distribution. However, besides adding nonlinear-
ity to the design problem and making it more difficult to obtain quality solutions,
the design variables are not necessarily driven to the value at the top of a peak and
therefore intermediate stiffness values may still appear in the final result. Recently,
Watts and Tortorelli76 have proposed a multimaterial thresholding interpolation rule
to be used in combination with SIMP19 or RAMP.21
Sigmund and Torquato9 were the first to use inverse homogenization to design
multimaterial periodic cellular topologies using the formulation from40 and specifying
the volumes of each material phase. However the used approach did discretely ac-
count for the different base materials. Three-phase 2D topologies were designed with
maximized, zero and minimized thermal expansion. The negative thermal expansion
design was recently extended to high resolution 3D.77,78 Watts and Tortorelli79 used
their multimaterial framework from76 with RAMP to design 3D unit cells for mini-
mized thermal expansion coefficients with three discrete material phases. Gibiansky
and Sigmund80 used the same formulation to design three-phase 2D topologies with
maximized bulk modulus for a range of volume constraint combinations and with
square and isotropic symmetry constraints. The designed topologies were in good
agreement with the theoretical Hashin–Shtrikman81 and Walpole82 bound and there-
fore proved that the bound is attainable in a much wider range than it was previously
believed. An additional effort on cellular topology design with multiple solid base
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materials is the work by Ha and Guest33 on periodic materials with discrete inclu-
sions. Using a projection-based methodology stiff inclusions are placed in a compliant
matrix or compliant inclusions are placed in a stiff matrix. The proposed methodol-
ogy allows for different inclusion sizes, shapes and minimum spacings. The inclusions
must however be discrete non-overlapping objects and only the layout of the inclu-
sions is designed. The extension recently proposed by Koh and Guest34 allows for
design of the the discrete object layout as well as the matrix topology, but has yet to
be implemented for cellular design problems.
The current chapter presents a topology optimization algorithm that allows for
inverse homogenization with multiple base materials. The algorithm uses the multi-
ple material formulation from24 and allows for two types of volume constraints: (i)
a specified total volume constraint with no requirement on the distribution of the
material phases, and (ii) volume constraints specified on each material phase. The
chapter focuses on 2D design but the methodology is extendable to three dimensions.
The chapter has three main sections where the first describes the inverse homog-
enization topology optimization approach that is generally used for period cellular
material design with linear properties. This is followed by a section that gives the
topologies obtained with two base materials for a range of mechanical properties and
for multiobjectives in stiffness and thermal conduction. The third main section of the
chapter extends the inverse homogenization formulation to allow for multimaterial
design and gives several topologies to demonstrate the algorithm.
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3.2 The Inverse Homogenization Problem
As mentioned, most approaches considers the unit cell as the design domain for













ϕmin ≤ ϕn ≤ ϕmax ∀ n ∈ Ω
d(i) is Ω-periodic
(3.1)
Here f is the objective function that can be chosen as some (negative if maximiz-
ing) effective property such as Young’s–, shear– or bulk modulus or Poisson’s ratio.
Further, ϕ are the design variables and K(ϕ) is the global stiffness matrix. The
constraints are defined by g with allowable magnitude gmin. A typical constraint,
for example, is elastic symmetry of the effective material, which is usually chosen as
either square symmetric or isotropic. The volume of element e is denoted ve and ρe
is the element density. The bounds on the volume fraction are defined by Vmax and
ϕmin and ϕmax describes the design variable bounds that in this chapter are taken as
0 and 1. An upscaling law is required to relate the unit cell mechanics to the effective
material level. For linear properties numerical homogenization can be used to evalu-
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ate the homogenized constitutive matrix CH . A numerical homogenization approach
is described in the following section. The used approach is based on applying test
strain fields to the unit cell and in Eq. (3.1) d(i) and f (i) refers the displacements and
force vectors associated with test strain fields (i).
3.2.1 Numerical Homogenization
When numerical homogenization is used to solve Eq. (3.1) it aims at determining
the components of the effective or homogenized constitutive matrix CH . For a linear
elastic homogeneous material the stress tensor is symmetric (σij = σji) and there-
fore the constitutive matrix must also be symmetric CHij = C
H
ji .
83 As a result, the



















The numerical homogenization used herein is performed by applying test strain
fields ϵ0(i) to the unit cell as described in.84–87 Due to the symmetry of CH2D in Eq.
(3.2), it is sufficient to apply three test strain fields for mechanical properties in 2D.
The test fields separately considers a normal strain state in the x1− and x2−directions
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Since a discretized numerical method is used, the test strain fields in Eq. (3.3)
are applied as displacement fields d0
(i) in the analyses. The boundary conditions on
the unit cell are taken as in Hassani and Hinton86 and illustrated in Fig. 3.2 for (a)
the normal strain state test fields ϵ0(11) and ϵ0(22), and (b) the pure shear state test









Figure 3.2: Boundary conditions applied in numerical homogenization of a 2D unit
cell for (a) the normal test strain fields ϵ0(11) and ϵ0(22), and (b) the pure shear test
strain field ϵ0(12).
vector d(i). The element contributions to the strain energy qeij can be calculated from
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In Eq. (3.4) d
e(i)
0 and d
e(i) are the applied and resulting nodal displacements for
element e that corresponds to the test field (i) and Ke is the element stiffness matrix.
The element contributions to the strain energies are normalized by the size of the
unit cell which in this work is equal to the design domain Ω. The components of the
effective constitutive matrix are found as the sum of all element contributions to the





3.2.2 Mechanical Properties and Symmetry
The mechanical properties and symmetry conditions of the effective material can
be expressed in therms of the effective constitutive matrix components CHij . In the
topology optimization problem in Eq. (3.1) these expressions typically appear as the
objective and/or the constraints.
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3.2.2.1 Symmetry Constraints on the Constitutive Matrix
For most applications it is desirable to design material topologies with specific
symmetry conditions such as square symmetry or isotropy. The symmetry conditions
will constrain the component values in the homogenized constitutive matrix. For
example, for a 2D homogeneous material to exhibit a square symmetric behavior, it
is required that C13 = C23 = C31 = C32 = 0 and C11 = C22.
83 The constitutive matrix







Several error function formulations have been suggested for square and cubic




11 − CH22)2 + (CH13)2 + (CH23)2 (3.6)
Some applications require that the homogenized material has the same material
properties in all direction and that it thus exhibits isotropic behavior. Isotropy is a
constrained variant of cubic or square symmetric behavior. In 2D an isotropic material
therefore has the requirements of square symmetry C13 = C23 = C31 = C32 = 0 and
C11 = C22, and the additional requirement that C33 =
1
2
(C11 − C12),83 resulting in
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In this work we have taken the error formulation from88 for isotropic symmetry
in 2D:
erroriso = errorsq +
(




CH22 − (CH12 + 2CH33)
)2
(3.7)
When solving the topology optimization problem in Eq. (3.1) in this work, we
have applied the symmetry error functions as an explicit constraint and normalized





Here errorsym = errorsq or errorsym = erroriso for square and isotropic symmetry,
respectively.
3.2.2.2 Homogenized Mechanical Properties
The elastic mechanical properties such as the bulk– BH , Young’s– EH and shear
modulus GH and the Poisson’s ratio νH can be expressed in terms of the components
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of the homogenized constitutive matrix CH . As all topology optimization designs in
this work are 2D and has at least a square symmetry requirement, the derivations in
this section are, for simplicity, performed with CH = CH2D, sq. For all derivations it is
necessary to recall Hooke’s law that describes the stresses in terms of the the strains
and components of the constitutive matrix:
σ11 = C11ϵ11 + C12ϵ22 (3.9)
σ22 = C12ϵ11 + C22ϵ22 (3.10)
τ12 = C33ϵ12 (3.11)
Bulk Modulus
The bulk modulus is defined as the ratio of the hydrostatic stress to the relative








Since σ11 = σ22 = σ it follows that ϵ11 = ϵ22 = ϵ and Eq. (3.9) reduces to:
σ = (C11 + C12)ϵ
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As we will require all designs to have symmetric behavior that demands CH11 = C
H
22,
the objective for optimizing the bulk modulus is taken as a average over the bulk





















Therefore, Young’s modulus can be found from the constitutive relation by consider-
ing a uniaxial stress state where σ22 = τ12 = 0. Upon insertion, Eq.s (3.9-3.10) reduce
to
σ11 = C11ϵ11 + C12ϵ22
0 = C12ϵ11 + C22ϵ22
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Inserting σ11 in Eq. (3.14) results in the following expression for the Young’s modulus
in the x1−direction:




When at least square symmetry is required, the objective for optimizing the Young’s














The shear modulus is defined from a state of pure shear where σ11 = σ22 = 0:
τ12 = G12ϵ12 (3.17)
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From Eq. (3.11) it can easily be seen that the shear modulus in terms of the homog-
enized constitutive relation can be taken as:
GH = CH33 (3.18)
Poisson’s Ratio
The Poisson’s ratio is defined as the negative of the ratio of the transverse strain





As for the derivation of the Young’s modulus expression, a uniaxial stress state (σ22 =
τ12 = 0) is considered. Inserting Eq. (3.15) in Eq. (3.19) gives the Poisson’s ratio for
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3.2.3 Thermal Conduction and Symmetry
Cellular material design for thermal conduction differ slightly from the design
for mechanical properties because the finite element formulation for thermal condi-
tion only has one degree of freedom per node. The constitutive matrix for thermal







As a result, it is only necessary to apply two test strain fields ϵ0(i) when using numer-









For thermal conduction problems, it is not relevant to distinguish between square
and isotropic symmetry, as both require that C12 = 0 and C11 = C22. Therefore Eq.s
(3.6) and (3.7) reduce to the same error formulation.
errorsym = (C
H
11 − CH22)2 + (CH12)2 (3.24)
As for mechanical problems, the error is normalized according to Eq. (3.8).
From the homogenized constitutive matrix, the thermal conduction of the effective
49
CHAPTER 3. ELASTIC CELLULAR MATERIALS WITH MULTIPLE BASE
SOLIDS
material can be expressed as:
κH = C11
Since all designs in this work have a required symmetric behavior, we have taken






3.2.4 Penalization of Intermediate Densities
When solving the topology optimization problem in Eq. (3.1), the Solid Isotropic
Material with Penalization (SIMP) method19 method is used to guide the design to a








where η ≥ 1 is the exponent penalty term, Ke0 is the stiffness matrix of a pure solid
element and ρemin is a small positive number required to maintain positive definiteness
of the global stiffness matrix. In this work it is taken as ρemin = 10
−4.
For elastic cellular material design problems that uses numerical homogenization,
it is convenient to reformulate the expression for the element contributions to the
strain energy and the components of the constitutive matrix for the effective material
in terms of ρe and Ke0. The element contribution to the strain energy from Eq (3.4)
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The SIMP penalty can now easily be applied to the components of the constitutive










To compute the sensitivity of all objective and error expressions, it is necessary
to know the sensitivity of the components of the homogenized constitutive matrix.






The derivation is described in Bendsøe and Sigmund1 and is therefore omitted
here.
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Mechanical Properties
The sensitivity of the bulk modulus from Eq. (3.13) is found by taking the deriva-







































By a similar derivation, the sensitivity of the Young’s modulus from Eq. (3.16) is
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Mechanical Symmetries




















Recall that for mechanical properties errorsym = errorsq and errorsym = erroriso for
requirements of square and isotropic symmetry, respectively. The sensitivity of these























CH22 − (CH12 + 2CH33)
)(




The sensitivity of the error term used when optimizing the thermal conductivity





11 − CH22)(qe11 − qe22) (3.37)
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As the error is also normalized for thermal designs, Eq. (3.34) must again be used.











The minimum length scale of the solid design features is controlled in this work
using the Heaviside Projection Method (HPM)22 as defined in Eq.s (2.1-2.3). The
reader is reader to section 2.2 where HPM is described in full. For all designs in this
work continuation is applied to the Heaviside parameter till βmax = 50 in increments
∆β = 1.1k where k is the iteration number.
The cellular material design problem requires a distributed initial guess for the
design variables ϕi and an initial SIMP exponent to circumvent the optimizer placing
intermediate density material throughout the design domain. In Fig. 3.3 examples of
scaled distributed initial guesses are given. In this work the distribution in (a) is used
when maximizing the bulk– and Young’s modulus and for the multiobjective designs,
and (b) is used for maximizing the shear modulus and minimizing the Poisson’s ratio.
As typically done, we have used SIMP exponents of ηinit = 3.0 or ηinit = 5.0 and a
continuation method is applied to reach ηmax.
For all designs in this chapter the design domain is defined as a 1 × 1 unit cell.
All problems are solved using four node quadrilateral elements on a 200× 200 mesh
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(a) (b)
Figure 3.3: Scaled graded initial guesses for the design variables ϕi with (a) solid,
and (b) void in the center.
and with the design variable bounds of ϕmin = 0 and ϕmax = 1. A plane strain
formulation is as the designs are assumed to be extruded out of plane. Young’s
modulus and Poisson’s ratio are taken as E0 = 1.0 and ν0 = 1/3, respectively. For
the heat conduction problem the conductivity of the solid is set to κ0 = 1.0.
All problems are solved using the Method of Moving Asymptotes (MMA) as the
optimization algorithm.63,64
3.3 Cellular Material Topologies with Two
Material Phases
In this section the topology optimization problem in Eq. (3.1) has been used to
design two-phase cellular material topologies for a range of mechanical properties. In
addition, multiobjective topology optimization has been used to design materials for
combinations of thermal conduction and mechanical stiffness.
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3.3.1 Optimizing for Mechanical Properties
Figure 3.4 shows the unit cells and periodic samples for designs obtained by solving
the topology optimization problem in Eq. (3.1) with maximized bulk–, Young’s– and
shear modulus as the objectives. The designs are obtained with Vmax = 50%, a square
symmetry condition and the minimum length scale of rmin = 0.02. The optimization
is started with an initial SIMP exponent of ηinit = 5.0 and raised till ηmax = 10.0
through continuation increments of ∆η = 1.0.
In Fig. 3.5 three unit cells and 3 × 3 samples are given for topologies designed
f = −BH f = −EH f = −GH
Unit cell
3× 3 sample
BH = 0.217 EH = 0.347 GH = 0.144
Figure 3.4: Unit cell topologies and 3×3 samples maximized for the stiffness objectives
bulk–, Young’s– and shear modulus as defined in Eq.s (3.13), (3.16) and (3.18) with
Vmax = 50% and square symmetry constraints.
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for maximized bulks modulus with isotropic symmetry constraints. The topologies
have minimum length scales on the topological features of rmin = 0.050, rmin = 0.020
and rmin = 0.010, respectively. The objective values in the figure show that the bulk
modulus increases slightly as the minimum feature size is decreased, but that it comes
at the cost of an increased complexity of the unit cell design.
Equation (3.1) has also been used to design negative Poisson’s ratio materials.
Figure 3.6a shows the unit cell topology and periodic sample obtained with Vmax =
20% and a square symmetry constraint. The design has been obtained with a constant
rmin = 0.050 rmin = 0.020 rmin = 0.010
Unit cell
3× 3 sample
BH = 0.207 BH = 0.209 BH = 0.210
Figure 3.5: Unit cell topologies and 3×3 samples with maximized bulk modulus from
Eq. (3.13) with isotropic symmetry constraints and Vmax = 50%.
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SIMP exponent of η = 5.0. When designing auxerics using the formulation in Eq.
(3.1) it is seen that the resulting unit cell topology has artificially stiff one node hinges.
To circumvent the existence of these, a robust approach to topology optimization24,74
has been used. In the robust formulation over and under material deposition is
considered by projecting the design variables onto the finite elements multiple times
in every iteration. For each projection the equilibrium is solved. Herein over and









Figure 3.6: Negative Poisson’s ratio designs with Vmax = 20%, a square symmetry
constraint and rmin = 0.015 using (a) the regular problem formulation in Eq. (3.40)
and (b) the robust problem formulation in Eq. (3.40) with ∆r = 0.005.
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3.7. Each design variable is radially projected twice onto the finite elements with
minimum length scales of rmin,small and rmin,large defined as
rmin,small = rmin −∆r
rmin,large = rmin +∆r
(3.39)
r     +    r Δmin




r     -    r Δmin




Figure 3.7: Schematic of the robust topology optimization formulation used herein.
Figure (a) illustrates the material placement space that projects twice onto the phys-
ical space, and (b) shows a top view of a design variable projecting with rmin − ∆r
and rmin +∆r onto the finite elements.
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ϕmin ≤ ϕn ≤ ϕmax ∀ n ∈ Ω
d(i) is Ω-periodic
(3.40)
Figure 3.6b gives the topology obtained by solving Eq. (3.40) with rmin = 0.015
and ∆r = 0.005. Compared to design solution achieved by the regular topology
optimization formulation in Fig 3.6a, it is seen that the robust formulation does not
allow the artificially stiff one node hinges to appear in the design.
3.3.2 Multiobjectives in the Mechanical and Ther-
mal Behaviors
The multiobjective topology optimization performed in this work uses a scaled sum
of the desired properties as its objective and hence follows the formulation from.12–15
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This objective formulation can be used for stiffness–thermal conduction properties















ϕmin ≤ ϕn ≤ ϕmax ∀ n ∈ Ω
d(i) is Ω-periodic
(3.41)
where nobj is the number of objectives and ωj are the objective weighting factors.
The design is performed with two base material phases where one (the blue phase)
has full thermal conduction but zero stiffness and the other (the red phase) has
full stiffness but no thermal conduction ability. To force the optimizer to use equal
amounts of the two phases the absolute value function is applied to the volume con-









e∈Ω ρeve − V√(∑
e∈Ω ρeve − V
)2 · ve (3.42)
Fig. 3.8 gives the obtained topologies from solving Eq. (3.41) for maximized
objectives of bulk modulus BH and thermal conduction κH as defined in Eq.s (3.13)
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ωBH = 0.0 ωBH = −0.1 ωBH = −0.5 ωBH = −1.0
ωκH = −1.0 ωκH = −1.0 ωκH = −1.0 ωκH = 0.0
BH = 2.6 · 10−4 BH = 2.6 · 10−4 BH = 2.6 · 10−4 BH = 0.215
κH = 0.325 κH = 0.312 κH = 0.316 κH = 3.0 · 10−4
* E = 0, κ = κ0 E = E0, κ = 0
Figure 3.8: Unit cell and 3 × 3 samples of topologies maximized for multiobjectives
of bulk modulus BH and thermal conduction κH as defined in Eq.s (3.13) and (3.25).
and (3.25) with V = 50%. The results are found using continuation on the SIMP
exponent from ηinit = 5.0 to ηmax = 10.0 in increments of ∆η = 1.0. Figure 3.8
shows topologies obtained with a range of different weighting factors on the thermal
conductivity ωκH and the bulk modulus ωBH . The figure shows how the designs
change when the emphasis is shifted from being exclusively on the thermal conduction
to increasingly on the bulk modulus (left to right). When the stiffness property is not
fully emphasized, topologies are created where the stiff (red) phase is not connected.
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* E = ∆E0, E = E0
Material placement space 1








Figure 3.9: Schematic of the used multimaterial topology optimization approach for
design with two solid materials that varyies with ∆E in stiffness. Figure (a) illustrates
the two material placement spaces and the physical represenation, and (b) shows how
the placement spaces each projects features with ∆E stiffness onto the finite elements.
3.4 Cellular Material Design with Multi-
ple Material Phases
As mentioned in the introduction of this chapter, there exists several formulations
that include multiple material phases in topology optimization.24,40 In this work we
have used the combinatorial formulation proposed by Gaynor et al.24 because it adds
the least nonlinearity to the design problem. The cellular designs in this work will
consist of three material phases, however the algorithm is generally extendable.
The multimaterial design approach suggested by Gaynor et al.24 is projection
based. It is therefore convenient to recall from section 2.2 how the Heaviside Pro-
jection Method (HPM) divides the topology optimization problem into two spaces; a
material placement space where the optimization is performed and a physical repre-
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sentation where the finite element equilibrium is solved. In the extension to multima-
terial design, each solid material phase is associated with a separate design variable
space. The spaces individually projects on to the finite elements using standard
HPM as defined in Eq.s (2.1-2.3). Therefore, for the example of three phase design,
the topology optimization problem will have a material placement space 1 and 2 as
schematically illustrated by the orange and green spheres in Fig. 3.9a. Figure 3.9b
shows design variables from each of these spaces projecting features of ∆E stiffness
onto the finite elements. The total element stiffness is simply the addition of the pe-





)η1 + (ρe(ϕ2))η2]∆E (3.43)
where η1 and η2 are the SIMP exponents. In this work a small offset is used between
η1 and η2 to ensure that the optimizer does not get stuck at the first iteration. For
all designs we have used that η2 = η1 − ηoff and ηoff = −0.1.
It should be noted that in the multimaterial formulation, using HPM as defined
in Eq. (2.3) provides the designer with minimum length scale control of feature sizes,
but not with rigorous control on the length scale of the individual material phases
within the feature.
Topology optimization of elastic cellular materials with three phases can be solved
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ϕmin ≤ ϕn ≤ ϕmax ∀ n ∈ Ω
d(i) is Ω-periodic
(3.44)
Notice that Eq. (3.44) has three volume constraints: one for each of the material
phases ρe(ϕ1) and ρe(ϕ2), and one for the total amount of volume in the design
domain. The total amount of volume is in this work evaluated by using a Heaviside
function on the average of the ρe,avg of the element densities, such that all solid
elements in the design domain have same emphasis regardless of its stiffness. In this
work we have used the Heaviside formulation in Eq. (2.3).
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3.4.1 Topologies with Improved Mechanical Prop-
erties
The multimaterial topology optimization problem for cellular material design in
Eq. (3.44) has been solved with two solid base materials for a range of mechanical
properties. The solutions can therefore consist of three material phases: a void (blue)
phase with ∼ 0 stiffness, a complaint (green) phase with ∆E stiffness and a stiff (red)
V2/V1 f = −BH f = −EH f = −GH
1.00
0.80
BH = 0.188 EH = 0.308 GH = 0.131
* E = 0 E = E0/2 E = E0
Figure 3.10: Multimaterial unit cell topologies maximized for the stiffness objectives
bulk–, Young’s– and shear modulus as defined in Eq.s (3.13), (3.16) and (3.18) with
Vmax = 50%, V2 = 1.00V1 and V2 = 0.80V1.
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phase with E0 stiffness. In this work we have used ∆E = E0/2 and as previously
specified we have taken the Young’s modulus and Poisson’s ratio as E0 = 1 and
ν0 = 1/3.
Figure 3.10 gives the obtained unit cell topologies for maximizing the stiffness
objectives of bulk–, Young’s– and shear modulus with a square symmetry constraint.
The results are obtained with SIMP continuation from ηinit = 5.0 till ηmax = 10.0
in increments of ∆η = 1.0. The minimum length scale is specified as rmin = 0.02
and a continuation scheme is used on the Heaviside parameter till βmax = 50. It is
found that the total volume constraint works best if the Heaviside parameter βvol
has a small initial value and is then gradually increased. In this work we have used
βvol,init = 3.0 and increased to βvol,max = 15.0 in increments of ∆βvol = 3.0. Two
types of volume constraints has been applied to obtain the topologies in Fig. 3.10. In
the top row of the figure, the optimizer has been allowed to use as much as desired of
each solid phase, i.e. Vmax = V1 = V2 = 50%. As expected, the obtained topologies
only consist of the void (blue) and the stiff (red) material phases. Visual comparison
of the two-phase topologies in Fig. 3.4 with the three-phase designs in top row of Fig.
3.10 reveals that the solutions are nearly identical. The figure’s second row contain
solutions obtained with a requirement of having 20% of the designed topology being of
the complaint (green) phase, i.e. Vmax = 50%, V1 = 50% and V2 = 40%. For stiffness
objectives this requirement obviously results in a decreased performance. However, it
is interesting to note that the optimizer choses to place the complaint (green) phase
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Table 3.1: Normalized performance of the unit cell topologies with three material
phases (Fig. 3.10). The normalization is performed by dividing with the objective
values obtained with two material phases (Fig. 3.4).
V2/V1 f = −BH f = −EH f = −GH
1.00 98.4% 98.7% 92.2%
0.80 86.5% 88.6% 90.5%
where it would first remove material if designing with a lower volume fraction.
In Tab. 3.1 the performance of the two types of three-phase designs is compared.
A normalization has been done where the objective values from Fig. 3.10 are divided
by the performances of the two-phase topologies in Fig. 3.4. The first row of the
table shows that the performance is very similar when there is no required use of the
complaint (green) phase - especially for the bulk– and Young’s modulus designs. The
second row reveals that the 20% required complaint (green) phase results in 10−15%
lower performance. For the shear modulus topologies, it is seen that designing with
two solid material phases without a specific phase requirement causes a minor sacrifice
of the performance. The very small difference between the performance values in the
last column is largely attributed to this.
The multimaterial topology optimization problem has also been solved for min-
imized Poisson’s ratio with square symmetry conditions as defined in Eq. (3.21).
However the formulation in Eq. (3.44) has been modified slightly to a robust formu-
lation similar to that in Eq. (3.40). A minimum length scale of rmin = 0.015 has
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(a) (b)
Figure 3.11: Multimaterial negative Poisson’s ratio design with Vmax = 20% and
V2 = 1.00V1; (a) gives unit cell topology, and (b) provides a 3 × 3 sample of the
effective material. A square symmetry constraint is applied and a robust formulation
is used with rmin = 0.015 and ∆r = 0.005.
been prescribed and the length scale variation taken as ∆r = 0.005. We have used a
constant SIMP penalty term of η = 3.0 and continuation on the Heaviside parameter
till βmax = 50. For this problem the total volume constraint has been enforced with
an initial Heaviside parameter of βvol,init = 1.0 that has been gradually increased to
βvol,max = 15.0 through increments of ∆βvol = 1.0. Finally, the design is conducted
with Vmax = 20% and the optimizer has been free to chose how much of each material
phase to use.
Figure 3.11 gives the obtained unit cell topology and a 3×3 sample of the cellular
material. It is noteworthy that the complaint (green) material is placed in the hinge
regions of the topology where the performance benefits from flexibility. Table 3.2
compares the amounts of used material and the obtained Poisson’s ratios for the ro-
bust two-phase design in Fig. 3.6b and the three-phase design in Fig. 3.11. It should
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here be noted that the auxerics material design problem is self penalizing and the
optimizer therefore not necessarily chooses to use all available material. The table
shows that the three-phase design uses a smaller total material volume but achieves
a more negative Poisson’s ratio. It is seen that the optimizer has chosen that 14.5%
of the placed volume is of the complaint (green) phase and that the increase in per-
formance is over the two-phase design 7.25%.
Table 3.2: Comparison of the performance and material use in the robust negative
Poisson’s ratio designs with two material phases (Fig. 3.6b) and three material phases
(Fig. 3.11).
Vtotal Vstiff Vcompliant ν
H
(red+ green) (red) (green)
2 material phases 18.44% 18.44% N/A -0.67
3 material phases 15.54% 13.28% 2.26% -0.74
3.4.2 Designs Optimized for Stiffness–Conduction
Objectives
The proposed three-phase topology optimization algorithm has also used to design
cellular topologies for objective combinations of thermal conduction and bulk mod-
ulus. In this context the three material phases represents a conductive (blue) phase
with full conduction capability and ∼ 0 stiffness (κ = κ0, E = 0), a semi stiff–semi
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conductive (green) phase with κ = ∆κ0, E = ∆E0, and a stiff (red) phase with no
conduction capability (κ = 0, E = E0). To solve this design problem, the multima-
terial topology optimization formulation in Eq. (3.44) has been changed to allow for
multiobjectives similarly to the formulation in Eq. (3.41).
Figure 3.12 gives the unit cell topologies and 3 × 3 sample of the cellular ma-
terials obtained with different combinations of the objective weighting factors ωκH
and ωBH . We have required the use of V = 50% purely conductive (blue) material,
square symmetry conditions and specified the minimum length scale as rmin = 0.02.
The solutions are obtained with a constant SIMP exponent of η = 5.0 and for this
problem the continuation on the Heaviside parameter on the volume constraint has
been applied from βvol,init = 5.0 to βvol,max = 15.0 in increments of ∆βvol = 5.0. The
figure shows (from left to right) how the unit cell topologies change from having full
emphasis on the conductive properties of the effective material, to placing increased
focus on the stiffness objective. Initially the optimizer is found to place the semi stiff–
semi conductive (green) phase in well-known effective stiffness layouts. This causes a
negligible reduction in the conductive performance of the effective material. Finally
the optimizer uses the stiff (red) material in the same stiffness layout, resulting in
almost zero conduction capability.
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ωBH = 0.0 ωBH = −0.1 ωBH = −0.5 ωBH = −1.0
ωκH = −1.0 ωκH = −1.0 ωκH = −1.0 ωκH = 0.0
BH = 2.9 · 10−4 BH = 0.100 BH = 0.105 BH = 0.220
κH = 0.708 κH = 0.676 κH = 0.680 κH = 3.0 · 10−4
* E = 0, κ = κ0 E = E0/2, κ = κ0/2 E = E0, κ = 0
Figure 3.12: Multimaterial unit cell topologies maximized for multiobjective combi-
nations of bulk modulus BH and thermal conduction κH as defined in Eq.s (3.13) and
(3.25) with Vmax = 50% and V2 = 1.00V1.
3.5 Summary
A technique is proposed for multimaterial topology optimization of periodic cellu-
lar materials that allows cellular designs with two or more solid base materials. The
multimaterial projection-based approach from Gaynor et. al24 is used and therefore
the designer is provided with minimum length scale control over the feature sizes.
However, the current formulation does not allow specific length scale control over the
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individual phases within a feature.
The main disadvantage of the proposed approach is that a large number of design
variables is needed. For example, doubling the number of design variables is required
for three-phase design since a design variable space is needed per solid phase. Al-
though the methodology is generally extendable to designing with a higher number of
phases, solving even simple problems with a very large number of candidate materi-
als becomes involved. In addition, nonlinearity is added to the optimization problem
through the total volume constraint. For stiffness objectives this has not been ob-
served to pose any difficulty, however for problems with a more nonlinear nature it
might. For the robust negative Poisson’s ratio design and for the multiobjective de-
signs that use the absolute value on the volume constraint we have found that some
parameter tuning was needed to obtain quality solutions.
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Chapter 4
Cellular Materials with Nonlinear
Properties
4.1 Introduction
As discussed in previous chapters, implementations of topology optimization have
mainly focused on design for linear properties. Solutions to linear elastic problems
are optimal only for the problem as mathematically posed and hence only for the
linear elastic response. This may lead to designs that exhibit undesirable effects in
the nonlinear regime. Examples include designs that are stiff but brittle, or stiff with-
out redundant load paths. Additionally, considering only linear mechanics excludes
the possibility of optimizing for nonlinear properties. As an example of an applica-
tion where designing for nonlinear properties is appealing, can be mentioned cellular
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materials of Bulk Metallic Glasses (BMGs). BMGs are a type of metals with an
amorphous atomic structure that makes them very stiff and strong but prone to brit-
tle failure for macroscopic freature sizes (> 1 mm). An interesting property of BMGs
is that they exhibit microscopic ductility.90 Recent advances in manufacturing tech-
nologies has made it possible to fabricate cellular BMG materials by thermoplastic
forming. The effective energy absorption observed for cellular BMGs with traditional
honeycomb topologies are drastically enhanced compared to solid BMGs.91 Topol-
ogy optimization has the potential to improve the ductility even further. Therefore
this chapter investigates the possibility of extending topology optimization to design
cellular materials governed by nonlinear mechanics.
Few methodologies for performing topology optimization under nonlinear mechan-
ics have been developed. The first algorithms with nonlinear effects separately consid-
ered elasto-plastic materials25,92 and geometric nonlinearity.26,27,46,93 These research
efforts clearly showed that including nonlinearities has a significant effect on the
obtained topology if the response enters the nonlinear regime. Topology optimiza-
tion schemes have since been suggested for several nonlinear phenomena including
visco-elasticity,94 fatigue,95 and interface and contact problems.96–98 In this work our
discussion on nonlinearity in topology optimization will concentrate on material– and
geometric nonlinearities.
Most research on including nonlinearities in topology optimization has focused on
structural and component level design. Maute et al.25 developed a topology optimiza-
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tion approach and sensitivity analysis scheme for maximizing the energy absorption
of structures made of an elasto-plastic material. The energy absorption is here defined
as the area under the stress-strain curve. The algorithm is demonstrated on 2D plane
stress beam examples with displacement control. The formulation uses an isotropic
hardening law and is limited to infinitesimal strains. Geometric nonlinearities were
first included by Buhl et al.26 that suggested an algorithm and sensitivity analysis
for finite strains. The algorithm was limited to force controlled design problems and
demonstrated on beam designs for compliance and absorbed energy objectives. Bruns
and Tortorelli46 and Pedersen et al.27 extended the formulation to design compliant
inverter mechanism under finite strains.
Including nonlinear mechanics in the cellular design problem faces the additional
challenge lacking rigorous upscaling technique. Nakshatrala et al.99 were the first
to include nonlinear effects in cellular topology design and suggested using a numer-
ical homogenization procedure to evaluate the effective properties for hyperelastic
materials under finite deformation. A hierarchical multi-scale topology optimization
approach was proposed and demonstrated through the design of compliance beams
with locally varying unit cells. Wang et al.100 also performed cellular design with a hy-
perelastic base material under finite strains, but designed for prescribed stress-strain
curves and Poisson’s ratio using 2D truss and continuum elements. The upscaling
is suggested as a subjecting the unit cell to a series of tensile tests and the effective
properties obtained by the upscaling method were compared to the response of a
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finite sample. However, the topology optimization performed by Wang et al.100 was
simplified by only considering tensile loading cases and hence implicitly limiting the
buckling occurrence in the designed topologies.
Energy absorption is important for numerous cellular material applications. When
designing for energy absorbing objectives elasto-plastic buckling can be an important
contributing factor. However, both material– and geometric nonlinearities must be in-
cluded in the formulation to capture elasto-plastic buckling. To date only a couple of
researches have formulated topology optimization algorithms that combine material–
and geometric nonlinearities. Wallin et al.101 proposed a formulation for topology
optimization with finite strain plasticity and demonstrated it on beam examples with
maximized plastic energy absorption. The sensitivity scheme is based on the ad-
joint method for coupled transient problems and results in a path-dependent adjoint
strategy. Lotfi102 simplified the sensitivity calculation by using existing schemes for
material–25 and geometric nonlinearities26 and combining them through addition.
The sensitivity scheme was used to maximize the energy absorption for cellular BMG
topologies using finite periodicity for the upscaling.
It should be noted that true energy absorption refers to applications subjected to
impact loading. A limited number of topology optimization algorithms with nonlinear
mechanics have been presented for impact loading. Nakshatrala and Tortorelli103 pro-
posed a framework for designing with an elasto-plastic material subjected to dynamic
loading and demonstrated it on a plate design problem. It is worth emphasizing that
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the proposed algorithm assumes infinitesimal strains. Nakshatrala and Tortorelli104
recently extended the framework to hierarchical design with a hyperelastic material
under finite strains. The suggested approach is based on the assumption that the
primary wavelengths of interest are much longer than the size of the unit cells and
therefore that the effective properties can be computed using the static homogeniza-
tion theory proposed in.99 Algorithms that consider both material– and geometric
nonlinearities for impact problems are yet to be developed.
The aim of the current chapter is to investigate the necessary steps in developing
topology optimization with both material– and geometric nonlinear mechanics for
the design of periodic cellular materials. The chapter will first discuss the challenges
encountered when nonlinear mechanics are included in the topology optimization for-
mulation. The effect it has on the obtained topology will be demonstrated on the
beam benchmark problems for material– and geometric nonlinearities from Maute et
al.25 and Buhl et al.26 This will be followed by an examination of the key components
in formulating a finite plasticity optimization algorithm for cellular topology design.
The last section of the chapter will numerically analyze the cellular BMG topolo-
gies that were maximized for energy absorption by Lotfi.102 Preliminary analysis has
shown that the designed topologies achieved a higher level of energy absorption than
other topologies.105–107 The numerical analyses in this work will compare the nonlin-
ear stress-strain responses of the new BMG designs to the behaviors of cellular BMGs
with traditional topologies and topologies designed for various elastic properties.
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4.2 Topology Optimization of Beams with
Nonlinear Mechanics
The topology optimization problem for structural or component design with non-




subject to R(ϕ,d) = 0∑
e∈Ω
ρeve ≤ Vmax
ϕmin ≤ ϕn ≤ ϕmax ∀ n ∈ Ω
(4.1)
Here f is the objective function and ϕ is the design variables. The material or volume
use is limited by Vmax and ϕmax and ϕmin describes the design variable bounds that in
work are taken as 0 and 1. The element volume is denoted ve and ρe is the density of
element e. The element densities are in this work related to the design variables using
the standard Heaviside Projection Method (HPM)22 as it provides implicit minimum
length scale control of the topological features. The procedure follows Eq.s (2.1-2.3)
and the reader is referred to section 2.2 for a full description. The problems in this
chapter are solved using continuation on the Heaviside parameter with ∆β = 1.1k
where k is the iteration number.
The equilibrium condition in Eq. (4.1) is described in terms of R(ϕ,d) which
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is the residual force vector. This equilibrium condition must be solved using an
iterative nonlinear FE solver. For this purpose we have developed standard Newton-
Raphson schemes for (i) geometric nonlinearities, (ii) a plasticity model for infinites-
imal strain with isotropic hardening that uses the radial return method, and (iii)
combined material– and geometric nonlinearities. The FE solvers uses standard for-












Figure 4.1: Design domains for the benchmark beam design problems that considers
(a) geometric– , and (b) material nonlinear effects.
In this section the benchmark beam examples for geometric and material nonlin-
earities from Buhl et al.26 and Maute et al.25 will be redesigned to illustrate the
effect of nonlinearities in the topology optimization formulation. The design domains
for the two problems are shown in Fig. 4.1. Figure 4.1a shows the cantilever beam
problem that geometric nonlinear effects are typically demonstrated on and Fig. 4.1b
gives the design domain for the clamped beam problems that is commonly used to
illustrate the effect of elasto-plasticity.
All problems in this chapter are solved using the Method of Moving Asymptotes
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(MMA) as the optimization algorithm.63,64
4.2.1 Solids-Only Modeling in the Physical Space
An important drawback of material distribution approaches is the requirement of
modeling the entire domain, including void regions. Elements in the void regions are
structurally insignificant in the analysis and they are removed in the manufacturing
of the final design. They are, however, still needed in the optimization process for
reintroduction of material as the design evolves. It can therefore be said that they
are necessary for the design portion of the optimization process, not the analysis. In
fact, elements of negligible volume fraction are quite detrimental to analysis as they
maximize the size of the system to be solved and thus computational expense and
are susceptible to numerical instabilities under nonlinear mechanics, such as excessive
distortions under finite deformations.
Researchers have proposed different methods for neglecting void element analysis
such as re-meshing,111 modified nonlinear convergence criteria26 and stabilizing the
stiffness matrix following Gaussian elimination.93 Recently it has been suggested to
use a hyperelastic formulation for tension elements,112 a linear formulation for ele-
ments in compression113 and a combination of hyperelastic tension elements and linear
compression elements.100 Most of these methods require a threshold ρt to be set below
which element stiffness is considered negligible. In this work, we simply introduce ar-
tificial boundary conditions to degrees of freedom that are surrounded completely by
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void elements.102 Recall from section 2.2 how HPM is based on splitting the topology
optimization problem into two spaces: a design variable space where the optimiza-
tion is done and a physical representation space where the finite element analysis is
conducted. This means that we can place boundary conditions on the finite elements
without loosing design variable functionality. The temporary boundary conditions
are placed by looping over the elements and marking the nodes of elements whose
stiffness is to be modeled (ρe > ρt). Nodes that are unmarked receive a temporary
boundary condition. Equation numbering and finite element assembly proceed in the
standard manner, although it is noted the assembly routine need not check the equa-
tion numbers of void elements (including these along the structural interface). This
process is performed at each design iteration where the solids-topology changes.
4.2.2 Geometric Nonlinearities
Geometric nonlinearities or finite deformations are characterized by the shape
and location differing significantly in the reference or initial configuration X and the
current deformed configuration x. The small deformation assumption is therefore no
longer valid and the equilibrium can no longer adequately be described in terms of





BT s dΩ (4.2)
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Here s is the second Piola Kirchoff stress (here in vector form) and B is the strain
displacement matrix. When using a finite strain formulation we use an advanced B

















The Piola-Kirchoff stress is calculated from the Green-Lagrangian strain using
Hook’s law:
s = DeE (4.4)
where De is the elastic constitutive matrix for element e.
Typical benchmark examples for topology optimization under finite strains designs
a cantilever beam for a final compliance objective:
f = FTdfinal (4.5)
where F is the applied force force vector and dfinal contains the final displacements.
We note that using final compliance as the objective function can be problematic
as tremendous inefficiencies can result at load magnitudes below those considered in
the design problem. This was discussed thoroughly by Buhl et al.26
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4.2.2.1 Penalization of Intermediate Densities
As for elastic problems, the Solid Isotropic Material with Penalization (SIMP)
method19 is used to guide the design to a 0-1 solution. Therefore the following







Here η ≥ 1 is the exponent penalty term, De0 is the elastic constitutive matrix of a
pure solid element and ρemin is a small positive number that is usually required to
maintain positive definiteness of the global stiffness matrix. However, the solids only
finite element modeling makes the ρmin parameter in Eq. (4.6) unnecessary. Herein
we have therefore used ρmin = 0 for all nonlinear problems.
4.2.2.2 Sensitivities
The sensitivities used to solve the topology optimization problem in Eq. (4.1)
with the final compliance objective in Eq (4.5) is calculated using the adjoint method
as suggested by Buhl et al.26
Since the residual force vector R(ϕ,d) must equal zero for the structure to meet
the equilibrium condition, the term λTR(ϕ,d) can be added to the objective function
without changing it.
f = FTdfinal + λ
TR(ϕ,d) (4.7)
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The Lagrangian multipliers λ can be chosen freely. To eliminate the costly term
∂dfinal
∂ρe
, the adjoint problem is defined as following:
F−KTλ = 0 (4.8)
The adjoint problem in Eq. (4.8) is solved to determine λ and the sensitivities of the



















Here the stress sensitivity in each gauss point is found by differentiation of Eq.s (4.4)
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4.2.2.3 Cantilever Beam Designs
The benchmark cantilever beam problem from Fig. 4.1a has been optimized within
the design domain of L = 1 m and H = 0.25 m and with t = 0.1 m. To resemble
nylon, the material properties have been taken as E0 = 3 GPa and ν0 = 0.4. In this
work the problem has been solved on a 160× 40 mesh with 2D plane strain elements
and a volume constraint of Vmax = 50% has been specified. The minimum length
scale has been prescribed as rmin = 12.5 mm and the maximum Heaviside parameter
is taken as βmax = 25.0.
Elastic Design Design with Finite Deformations
P = 12 kN
P = 96 kN
P = 144 kN
Figure 4.2: Solutions to the benchmark cantilever beam problem with geometric
nonlinearities and the final compliance objective from Eq. (4.5). The figure contains
the obtained topologies for a various amplitudes of the applied load and provides
elastic designs for comparison.
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Figure 4.2 shows examples of the obtained topologies. The final compliance prob-
lem is solved in a single Newton-Raphson step as in Buhl et al.26 A continuation
method is applied to the SIMP exponent penalty to transform the problem from a
relaxed, unpenalized state to the penalized, near discrete formulation with an in-
crement of ∆η = 1.0 till ηmax = 3.0. It should be mentioned that for high load
magnitudes, a large number of iterations are needed within each continuation step.
In this work we have used a maximum limit of 100 for P = 144 kN. Figure 4.2
contains three columns; the first lists the applied load magnitudes, the second the
elastically designed topologies and the third gives the topologies obtained under finite
deformations. As expected, it is seen that the elastic designs are the same for all load
magnitudes. For a small magnitude of the applied load, the finite deformation design
is identical to the elastic solution. When the load is increased the design changes are
more noticeable. A very significant change is the angled bar at the bottom of the
third column which is obtained with P = 144 kN. This bar seems unintuitive in the
undeformed state but becomes vertical in the deflected state, essentially serving as a
hanger as shown in Fig. 4.3b.
4.2.3 Material Nonlinearities
Material nonlinearities account for yielding of the designs solid phase material.
In this work we use the formulation by Maute et al.25 and describe the nonlinear
material behavior by Von Mises yield function with isotropic hardening. We use an
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(a) (b)
Figure 4.3: The obtained topology from Fig. 4.2 with P = 144 kN in its (a) unde-
formed and (b) deformed state.
elasto-plastic material model and assume linear hardening.
To show the effect of material nonlinearities on a topology optimization design we
consider the benchmark beam example from25 that is shown in Fig. 4.1 b. The beam
is clamped on both sides and subjected to an applied displacement at its midspan.







To solve the equilibrium equation in Eq. (4.1) we have developed a Newton-
Raphson solver that uses a redial return method to account for the material nonlin-
earity. The incremental material update is therefore
dσ = Depdϵ (4.13)
where Dep is the consistent elasto-plastic tangent modulus. Our algorithm is based
on the formulation from Simo and Hughes.110 The consistent tangent matrix for 2D
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plane stress with J2 plastic flow and isotropic hardening is therefore defined as:




Here D is the elastic constitutive matrix and Ξ is the modified algorithmic elastic















The plastic multiplier ∆γ is found by iteratively solving the consistency condition.










4.2.3.1 Penalization of Intermediate Densities
Again, the Solid Isotropic Material with Penalization (SIMP) method19 is used to
guide the design to a 0-1 solution. As we use the solids only finite element modeling
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the ρemin term is left out here. For material nonlinearity the relation between the







Here De(ϕ) is the elastic constitutive matrix, He(ϕ) is the plastic hardening mod-
ulus and σey(ϕ) is the yield stress for element e. The 0 subscript denotes the solid
phase material properties. It should be noted that the SIMP exponents η can be
chosen differently for each of the penalized properties.
4.2.3.2 Sensitivities
We have derived the sensitivities for maximizing the absorbed energy in Eq. (4.12).
As the design problem is displacement controlled the derivation follows that of Maute
et al.25 In the sensitivity calculations it is used that the sensitivities of the penalized
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δdTg t̂ dΓ = 0
where λ is the load factor, dg is the applied displacements and t̂ is the load. The










δdTg t̂ dΓ = 0 (4.21)
The sensitivity of the weak from from Eq. (4.21) is inserted in Eq. (4.20) where
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The sensitivity of the material update from Eq. (4.23) is inserted in the sensitivity























































































that only the displacement controlled point is subject to the load t̂j, i.e. t̂
Tddg =
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The sensitivity of the consistent elasto-plastic tangent modulus is found by differ-
entiation of Eq. (4.14). As in,25 the sensitivity of the consistent elastic-plastic moduli
is split up with respect to the elastic constitutive matrix D, the hardening modulus













Because we use a linear hardening model, it is assumed that the sensitivity of the
consistent elasto-plastic moduli due to the change of stress state caused by a design












vanish. The first part of Eq. (4.28)
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The third part of Eq. (4.28) is zero since the elasto-plastic tangent modulus for




4.2.3.3 Clamped Beam Designs
The clamped problem in Fig. 4.1b is solved with plane stress elements. The
design domain is defined as L = 20 m and H = 5 m and the minimum length
scale is prescribed as rmin = 0.10 m. The symmetry of the problem is exploited so
only half domain is designed using a 100 × 50 mesh. The Young’s modulus of the
base material is taken as E0 = 180, 000 kN/m
2, Poisson’s ratio as ν0 = 0.3, the
hardening modulus as H0 = 0.1 kN/m
2 and the yield stress is defined as σy0 = 360
kN/m2. A prescribed displacement is applied to 20% of the top mid boundary with
a magnitude of dg = −0.25 m. The displacement is applied in 20 equally sized steps
Elastic Base Material Elasto-Plastic Base Material
Figure 4.4: Solutions to the benchmark clamped beam problem with maximized
energy absorption as defined in Eq. (4.12) and an elastic– and an elasto-plastic
material model, respectively.
95
CHAPTER 4. CELLULAR MATERIALS WITH NONLINEAR PROPERTIES
in the Newton-Raphson solver. Finally, the design problem is solved with a volume
constraint of Vmax = 25%.
We have solved the problem with different values of the SIMP exponents ηD, ηH
and ησ and found that using constant values of ηD = ηH = 3.0 and ησ = 2.0 works
well. It is also possible to solve problem with ηD = ηH = ησ = 3.0, however, the
exponent on the yield stress makes the yield condition more strict in low density
elements and therefore tends to make the Newton-Raphson solver expensive in the
first design iterations. We have also found that applying continuation strategies,
especially on the ησ exponent, tends to force the solution to an elastic design.
The optimized designs for linear elastic– and elasto-plastic material models are
shown in Fig. 4.4. Both the thickness and the number of members in the two
designs are seen to be different. In the elastic design case two thick members carry
the load to the supports providing the structure a large amount of elastic stiffness.
The elasto-plastic design has a lower stiffness in the elastic region but the secondary
members provide a higher level of energy dissipation. Maute et al.25 examined the
load-displacement diagrams for the two designs. The area under this curve indicates
amount of mechanical energy dissipated. The dissipated energy is ∼ 10% higher for
the optimized structure based on the elasto-plastic nonlinear analysis compared to
the linear elastic one.
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4.3 Extending to Cellular Topology De-
sign with Nonlinear Mechanics
The problem formulation for cellular material design with nonlinear mechanics








E (ϕ) ∀ i






















where the subscript E refers to the elastic and NL to the nonlinear parts. The super-
script t refers to the current load step and dt is hence the displacement vector at the
current load step and d the displacement vector untill t. The elastic unit cell equilib-
rium is given by the first constraint, and constraints gE include the effective elastic
property constraints such as the symmetry conditions. The nonlinear equilibrium
constraints are given in the second set of constraints, and constraints gNL comprise
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nonlinear property constraints as needed.
As mentioned in the introduction of this chapter, consideration of nonlinear me-
chanics, particularly inelasticity, in the topology optimization of periodic cellular
materials remains a challenge. This is primarily due to the lack of unit cell upscaling
methods. Homogenization of nonlinear mechanics from unit cell analysis is not yet
established. One way of estimating the nonlinear effective properties is to use finite
periodicity. The effective elastic properties and symmetries would still be evaluated
using elastic homogenization as described in section 3.2.1. The unit cell topology opti-
mization problem will hence have analysis conducted over two different domains: the
unit cell for elastic properties and a structure with finite periodicity for the nonlinear
properties. It should be noted that the finite sample size should be demonstrated to
adequately estimate the effective material properties.
In this work we have developed a finite plasticity Newton-Raphson FE solver as
it is required to solve the topology optimization problem in Eq. (4.36) with both
material– and geometric nonlinearities. An additional necessity in performing topol-
ogy optimization for combined material– and geometric nonlinearities is to develop
a sensitivity analysis scheme. Wallin et al.101 proposed a path-dependent adjoint
method when maximizing the plastic energy absorption of beams with finite plastic-
ity and Lotfi102 estimated the sensitivity for cellular designs by adding the expressions
from Maute et al.25 and Buhl et al.26 for material and geometric nonlinearities, re-
spectively. This addition does not account for the cross term and therefore necessarily
98
CHAPTER 4. CELLULAR MATERIALS WITH NONLINEAR PROPERTIES
produces a small error in the sensitivities. In this work we have compared with the
sensitivities calculated with finite difference and found the error to be ∼ 10%.
4.4 Energy Absorption of Cellular Bulk
Metallic Glass Topologies
Lotfi102 solved the topology optimization problem for cellular design in Eq. (4.36)
with a BMG as the base material and maximizing the absorbed energy as the ob-
jective. Figure 4.5 shows the unit cell topologies and 3 × 3 sampled of the cellular
materials for volume constraints of Vmax = 10%, Vmax = 12.5% and Vmax = 25%. The
design domain was defined as a 1 × 1 mm2 unit cell, square symmetry constraints
were applied and the minimum length scale of the topological features was specified as
rmin = 0.006 mm. The elastic properties of BMG were assumed to be E0 = 86.9 GPa
and ν0 = 0.375, and an elasto-plastic uniaxial behavior was defined with σy0 = 1.475
GPa and linear hardening with H0 = 0.84 GPa. The upscaling of the unit cell me-
chanics was performed using finite periodicity with a sample size of 5 unit cells in the
x− and y−directions. This size was found to achieve a reasonably converged response
without an excessive computational cost. Boundary conditions were applied to the
finite samples as horizontally fixed on the top and bottom in addition to a vertically
fixed bottom. Downward displacements were applied to the top of the samples. The
design algorithm considered both material– and geometrical nonlinearities and, as
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Vmax = 10.0% Vmax = 12.5% Vmax = 25.0%
Unit cell
3× 3 sample
Figure 4.5: Previously obtained unit cell topologies maximized for absorbed energy
considering both material– and geometric nonlinearities. A bulk metallic glass (BMG)
is used as the base material, the minimum length scale is prescribed as rmin = 0.006
and designs are made with volume constraints of Vmax = 10%, Vmax = 12.5% and
Vmax = 25%.
mentioned, estimated the sensitivities using existing schemes.25,26 The stopping cri-
terion for the topology optimization problem was collapse initiation of a unit cell and
contact was therefore not considered.
The unit cell topology in Fig. 4.5 for Vmax = 10% is interesting because it resem-
bles a buckled grid. Therefore we have in this work conducted nonlinear FE analyses
of 5× 5 samples of the designed unit cell and of a regular grid with the same volume
fraction. The analyses have been performed in the commercial FE program Abaqus
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6.13 using an arch length solver. The stress-strain response plots obtained by these
analyses are given in Fig. 4.6. It is clearly seen that grid has a higher stiffness and
strength than the new design but that the new topology absorbs almost 2.5 times
more energy. It should be noted that the stiffness and strength were not objectives
in the optimization. When examining the deformations in the two samples, it is seen
strain [-]



























Figure 4.6: Response comparison for Vmax = 10% of 5 × 5 samples of the unit cell
topology with optimized energy absorption (Fig. 4.5) and a regular grid. The de-
formed states are illustrated in the plot and the magnitudes of the absorbed energies
are listed.
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that the regular grid deforms elastically until buckling is initiated. The buckling very
rapidly transitions from elastic to plastic. The plastic buckling creates plastic-hinge
like features in the sample that results in unit cell collapse. The new topology initi-
ates yielding at a much higher strain and is seen to use the yielding beneficially to
straighten out the curved members and thereby absorb higher levels of energy.
In this work we have designed a range of cellular BMG topologies for elastic
objectives with square symmetry constraints and Vmax = 10%, Vmax = 12.5% and
Vmax = 25%. The design follows the description for elastic topology optimization
of cellular materials in Chapter 3 and the obtained topologies are shown in Fig.
4.7. The objectives of the optimizations are taken as maximizing the effective bulk–
BH , Young’s– EH and shear modulus GH and minimizing the Poisson’s ratio νH .
The design domain is discretized using 200×200 plane stress elements and, for the
stiffness objectives, the minimum length scale is prescribed as rmin = 0.006 mm with
continuation on the Heaviside parameter till βmax = 25.0. The Poisson’s ratio designs
are conducted using a robust topology optimization formulation24 (see section 3.3.1)
with rmin = 0.0075 and ∆r = 0.0025. Continuation is applied to the SIMP exponent
till ηmax = 15.0 in increments of ∆η = 1.0. The stiffness designs start the continuation
at ηinit = 5.0 and the Poisson’s ratio designs at ηinit = 3.0.
Finite samples with 5 × 5 unit cells of all designs (Fig.s 4.5 and 4.7) have been
numerically analyzed in Abaqus 6.13 with material– and geometric nonlinearities.
The stress-strain response plots obtained by these analyses are given in Fig. 4.8 and
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Figure 4.7: Unit cell designs obtained with linear topology optimization for maxi-
mized bulk–, Young’s– and shear modulus and minimized Poisson’s ratio. The base
material is a bulk metallic glass (BMG) and the minimum length scale is prescribed
as rmin = 0.006 for the stiffness objectives. A robust formulation is used for the
negative Poisson’s ratio designs with rmin = 0.0075 and ∆r = 0.0025.
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the absorbed energies are listed in Tab. 4.1. In Fig 4.8a, the stress-strain responses
for the unit cell topologies with Vmax = 10% show that the absorbed energy design
is less stiff and has a lower strength than the bulk– and Young’s modulus designs.
However, in Tab. 4.1 it is clearly seen that it absorbs more energy. In Fig. 4.8b
the responses of the Vmax = 12.5% topologies are given and the absorbed energy
strain [-]
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strain [-]



















(b) Vmax = 12.5%
strain [-]


























Figure 4.8: Stress-strain responses obtained by the nonlinear FE analysis of 5 × 5
cellular material samples. The absorbed energies for of the each cellular materials are
listed in Tab. 4.1.
104
CHAPTER 4. CELLULAR MATERIALS WITH NONLINEAR PROPERTIES
Table 4.1: Absorbed energies [MJ/m3] in the response plots in Fig. 4.8 obtained by
numerical analyses of 5 × 5 samples of the unit cells in Fig.s. 4.5-4.7. The largest
magnitude for each volume constraint is indicated in bold.





σTdϵ dΩ 0.4814 0.53859 2.2633
−BH 0.33048 0.5192 1.4751
−EH 0.37284 0.51081 2.2873
−GH 0.21471 0.38074 0.69818
νH 0.13675 0.11095 0.05946
design here behaves more similar in stiffness and strength to the bulk– and Young’s
modulus cellular materials designs. The post-peak behavior however differs, making
the energy absorption higher as Tab. 4.1 reveals. Figure 4.8c contains the responses
of the designs with Vmax = 25% and here the topology optimized for absorbed energy
has a stress-strain response that is similar to that of the Young’s modulus design.
The absorbed energies in Tab. 4.1 for these objectives are also seen to be very close
in value, with the Young’s modulus topology achieving a slightly higher magnitude.
The analyses are both terminated due to yielding in outer walls of the the external
unit cells and here the Young’s modulus design is slightly thicker than the energy
absorbance design. The fact that design optimized for energy absorbance does not
achieve the highest level here is because only local optimality can be guaranteed in
topology optimization.
It should be noted, that auxetics have been rumored to have good energy ab-
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sorbance. As mentioned in section 3.4.1, the negative Poisson’s ratio design is self
penalizing and therefore the obtained designs in Fig. 4.7 only has material volumes
of V = 9%, V = 10% and V = 18%. Keeping this in mind, the plots in Fig. 4.8
and values in Tab. 4.1 show that the energy absorbance of the herein designed BMG
auxetics is poor as they fail due to yielding of the thin members in the hinge regions.
4.5 Summary
The significant improvement of manufacturing technologies presents a remarkable
opportunity for the design of new cellular materials with complex topologies and
new capabilities. Using topology optimization for cellular material design can lever-
age the new manufacturing possibilities. Designing for effective linear properties is
well understood, however, topology optimization-based design for nonlinear response
properties is significantly more challenging. Previous research efforts have mainly con-
centrated on formulating topology optimization algorithms with nonlinear mechanics
for structural, component and device design. Additionally, material– and geometric
nonlinearities are typically considered separately. In this work we have illustrated on
benchmark beam examples the significant effect including nonlinear mechanics in the
design formulation has on the obtained topology.
Topology optimization of cellular materials with nonlinear mechanics faces the
additional challenge of the lack of a rigorous upscaling method. Although computa-
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tionally heavy, we suggest using finite periodicity. In this work we have discussed the
necessary steps in formulating and solving a cellular topology optimization problem
with both material– and geometric nonlinearities. Through nonlinear FE analyses
of samples with several unit cell topologies we have shown that topology optimiza-
tion with nonlinear mechanics offers tremendous opportunities in designing cellular
materials with new improved effective properties.
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Concluding Remarks and Future
Work
In this thesis we have presented topology optimization algorithms for cellular de-
sign that aim at incorporating manufacturability restrictions and capabilities and
include nonlinearity. The first part of the thesis presented a two-phase projection
algorithm that provides the designer with minimum length scale control of both the
solid and void phases of the design. The methodology is based on letting the design
variable magnitude determine if the solid or the void phase of a design is active.
Nonlinear weighting functions are introduced to achieve this. In the presented ap-
proach, a solid element can only be created if it receives active solid– and passive
void projection. Ongoing work is an extension of the idea that provide the designer
maximum feature size control. Here it is required for the creation of a solid element
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that a void element is detected in the domain rmax,s + rmin,v. It should be noted that
although not seen for the two-phase designs presented in this thesis, the additional
maximum length scale projection at current introduces significant nonlinearity in the
formulation and hence make it difficult for the optimizer to identify quality solutions.
The second part of this thesis has extended multimaterial topology optimization
to cellular material design. In this work we have presented an algorithm and used it
to design for a range of linear objectives, including stiffness and Poisson’s ratio and
combinations of bulk modulus and thermal conductivity. The designed we obtained
for the objectives that typically are associated with a nonlinear design space (the
negative Poisson’s ratio and multiobjective designs) required some parameter tuning.
The used multimaterial approach would benefit from a generalization such the incre-
ments of material properties (∆Ei and ∆κi) does not need to be equal. However,
this generalization should be constructed in way that does not introduce unnecessary
nonlinearity to the design space. This will especially be important if extending to
design governed by nonlinear mechanics. Moreover, applicability of the present work
could be demonstrated on examples where the base materials vary in cost.
The thesis’ third part looked at extending topology optimization to design cellular
topologies governed by nonlinear mechanics. To achieve this, an upscaling law must
be defined to connect the unit cell behavior to the effective material properties. In
lack of a recognized homogenization law for nonlinear mechanics, we suggest using
finite periodicity. A future direction of this work is to apply the discussed topology
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optimization approach to design cellular materials with improved energy absorption.
However, a rigorous sensitivity scheme must be developed for material– and geometric
nonlinear analysis. Further, a thorough examination of how the choice of stopping
criterion in the design algorithm affects the stress-strain response of the effective
material would be interesting. Finally, all algorithms in this thesis would benefit from
incorporating uncertainties in the design formulation. This is especially important
when designing under nonlinear mechanics as the effects of uncertainties, such as
imperfections, may amplify the nonlinear response.
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